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ITERATES OF QUANTUM OPERATIONS
JO´ZSEF ZSOLT BERNA´D1
Abstract. Iterates of quantum operations and their convergence are inves-
tigated in the context of mean ergodic theory. We discuss in detail the con-
vergence of the iterates and show that the uniform ergodic theorem plays an
essential role. Our results will follow from some general theorems concerning
completely positive maps, mean ergodic operators, and operator algebras on
Hilbert spaces. A few examples of both finite and infinite dimensional Hilbert
spaces are presented as well.
1. Introduction and preliminaries
Quantum system are never perfectly closed and therefore interactions always
take place with certain parts of the environment. This is the open quantum
system concept, where we wish to neglect up to some extent the dynamics of the
environment but follow the state changes of the central system. These processes of
state changes are called quantum operations. Quantum operations in the Hilbert
space formulation of quantum mechanics are obtained in the following way [1]: we
start with an uncorrelated joint state of the central system and the environment;
it is followed by a joint unitary evolution; and then an observer measures a
property of the environment, described by a projective operations acting only on
the environment. It has been shown by Kraus [2] that quantum operations are
completely positive. They play an important role in the theory and applications of
uniformly continuous completely positive dynamical semigroups [3, 4, 5]. Physical
applications are present in various subfields of quantum information processing,
like quantum computing [6] or quantum control theory [7], but also in questions
related to the foundations of quantum mechanics [8].
In this paper we have the purpose to give a consistent approach to iterations
of quantum operations. Fixed points of quantum operations has already been
studied [9, 10] and in the case of finite dimensional Hilbert spaces the properties
of the set of fixed points have also been discussed [11]. Here, we intend to char-
acterize the convergence of the iterated operations and finally to investigate the
dynamics on the asymptotic space. Our work takes advantage of the results in
mean ergodic theory [12].
In the whole manuscript we consider a separable Hilbert space H [13] with
inner product 〈. , .〉 which is conjugate linear in the first and linear in the second
variable. The norm 〈x, x〉1/2 of any element x in H will be denoted by ‖x‖.
The adjoint of a linear operator A on H is the unique operator A† satisfying
〈A†x, y〉 = 〈x,Ay〉 for all x, y in H. The set of all bounded linear operators on H
is denoted by B(H). B(H) is a Banach space with respect to the operator norm
‖A‖ = sup{‖Ax‖ : x ∈ H, ‖x‖ 6 1}.
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Introducing the Banach space of trace class operators
B1(H) = {X ∈ B(H) : ‖X‖1 = Tr{
√
X†X <∞}
the set of states or density operators is given by
D(H) = {ρ ∈ B1(H) : ρ > 0, Tr{ρ} = 1}.
Let us consider the n-dimensional Hilbert space Cn. Operators of B(H⊗Cn) are
n×n matrices with entries Aij acting on the Hilbert space H for each 1 6 i, j 6 n.
We define the linear operator φ(n) : B(H⊗ Cn)→ B(H⊗ Cn) by
φ(n)

A11 · · · A1n... . . . ...
An1 · · · Ann

 7→

φ(A11) · · · φ(A1n)... . . . ...
φ(An1) · · · φ(Ann)

 .
If φ(n) is positive for all n > 1 then φ is a completely positive map. A quantum
operation is a completely positive map due to its derivation, which includes an
arbitrary ancilla Hilbert space [1]. Let φ be a trace non-increasing quantum
operation, then there exist a family of operators Vi ∈ B(H) such that [2]∑
i
V †i Vi 6 1
and
φ(ρ) =
∑
i
ViρV
†
i , ∀ρ ∈ D(H). (1.1)
The summation
∑
i V
†
i Vi is convergent with respect to the ultraweak topology on
B(H) generated by the seminorms
B(H)→ R+, X →
∣∣Tr{XA}∣∣ with A ∈ B1(H).
The proof can be found in Lemma 2.1 of Ref. [2].
Any X ∈ B1(H) can be written as
X/‖X‖1 = ρ1 − ρ2 + i (ρ3 − ρ4)
with four density operators ρi ∈ D(H) (i ∈ 1, 2, 3, 4). Therefore, φ can be
extended to a linear mapping of B1(H) into itself and the extension, denoted by
φ again, is defined by
φ(X) =
∑
i
ViXV
†
i , ∀X ∈ B1(H).
Every bounded linear functional on B1(H) is of the form X → Tr{XA} with
A ∈ B(H). This establishes a one–to–one correspondence preserving linearity and
the norm between B(H) and the dual of B1(H) [14]. Thus, B(H) is isometrically
isomorphic to the dual of B1(H). Hence, the adjoint map φ∗ to φ of B1(H) is
defined for arbitrary A ∈ B(H) by
Tr{φ(X)A} = Tr{Xφ∗(A)},
where
φ∗(A) =
∑
i
V †i AVi. (1.2)
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φ∗ is also a completely positive map [2].
The purpose of this paper is to investigate the behavior of the iterates φn
and (φ∗)n with the help of mean ergodic theorems. These theorems describe the
averages of the iterates and throw some light on the fix points of φ and φ∗. This
is the subject of Sec. 2. It will be shown in Sec. 3 that this approach plays an
important role in the asymptotic properties of the iterates for large n. As our
problem is formulated on Banach spaces of linear operators on general separable
Hilbert spaces we need to use several deep results from the theory of operators.
2. Mean ergodic theorems
Let us fix some notations. T : B → B is called power bounded operator on a
Banach space B if the norms of the powers T n (n > 0) are uniformly bounded.
Proposition 2.1. The two completely positive maps φ : B1(H) → B1(H) and
φ∗ : B(H)→ B(H) are power bounded.
Proof. Since the matrix(
I X
X† X†X
)
=
(
I 0
X† 0
)(
I X
0 0
)
> 0, ∀X ∈ B(H)
is positive with I being the identity operator on H and φ∗(2) is a positive map,
i.e., complete positivity of φ∗ implies that φ∗ is also a 2-positive map,
φ∗(X†)φ∗(X) 6 φ∗(I)φ∗(X†X) 6 ‖φ∗(I)‖φ∗(X†X), (2.1)
where we have used ‖φ∗(I)‖I > φ∗(I), because φ∗(I) is a positive operator. The
statement in Eq. (2.1) is well known, for more details see Refs. [15, 16].
From Corollary 1 of Ref. [17] we know that the operator norm ‖.‖B(H) of φ∗
can be obtained in the following way
‖φ∗‖B(H) = sup
U∈B(H)
‖φ∗(U)‖
where supremum is over the unitary operators. The property ‖XX†‖ = ‖X‖2 of
the norm of B(H) yields
‖φ∗(U)‖2 = ‖ [φ∗(U)]† φ∗(U)‖ = ‖φ∗(U †)φ∗(U)‖,
and by the inequality (2.1)
‖φ∗(U)‖2 6 ‖φ∗(I)‖‖φ∗(U †U)‖ = ‖φ∗(I)‖2 = ‖
∑
i
V †i Vi‖2 6 1.
Hence, ‖φ∗‖B(H) 6 1, i.e., φ∗ is a contraction. Contractions are obviously power-
bounded.
It remains to be shown that φ is also a power bounded map. Since
‖X‖1 = sup
‖A‖=1
|Tr{AX}| , X ∈ B1(H) and A ∈ B(H),
we get
‖φ(X)‖1 = sup
‖A‖=1
|Tr{Aφ(X)}| = sup
‖A‖=1
|Tr{φ∗(A)X}| 6 sup
‖A‖=1
{‖φ∗(A)‖‖X‖1}
6 ‖X‖1,
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which yields ‖φ‖B1(H) 6 1 and by thus φ is also a contraction. 
The supporting references of the above proof are considering general C∗-algebras
and in our case we deal only with special C∗-algebras. In the subsequent part
we discuss very general mean ergodic theorems for a power bounded operator
T : B → B on a Banach space B. We are interested in the convergence of the
averages An(T ) = n
−1
∑n
i=1 T
i, Cesa`ro mean of the first n iterates of T . We
introduce the following two closed linear subspaces [12]
Bme(T ) = {x ∈ B : limAn(T )x exists},
and fixed space of T
F(T ) = {x ∈ B : Tx = x} = Ker(I − T ).
Let B′ be the space of all continuous functionals on B. B′ is called the dual space
of B and it is a Banach space. T ∗ : B′ → B′ is the adjoint operator of T defined
by f(Tx) = (T ∗f)(x) for f ∈ B′ and x ∈ B. Then we have the following splitting
theorem [18]
Theorem 2.2. Let T be a power bounded linear operator on a Banach space B.
Then
B
me
(T ) = F(T )⊕ Rng(I − T ).
The linear operator Px = limAn(T )x assigned to x ∈ Bme(T ) is the projection
of B
me
(T ) onto F(T ). We have P = P2 = TP = PT and for any y ∈ B the
assertions
a) limAn(T )y = 0
b) y ∈ Rng(I − T )
c) f(y) = 0 for all f ∈ {g ∈ B′ : T ∗g = g}
are equivalent.
Proof. The theorem is mostly due to K. Yosida [18] and proved in [12], see The-
orem 1.3. 
T is called mean ergodic if Bme(T ) = B. Power bounded linear operators on a
reflexive Banach space B, the canonical embedding map from B into the double
dual B′′ is surjective, are mean ergodic [19].The approach of K. Yosida is based
on weakly compact linear operators, which map the unit ball of the Banach space
on a weakly compact set [18]. The reflexivity of the Banach space comes again
in picture, because every bounded linear operator defined on a reflexive Banach
space is weakly compact. However, the mean ergodic property is not necessarily
related only to the reflexivity of Banach spaces [20]. As both B1(H) and B(H)
are not reflexive in general, therefore the maps φ and φ∗ are not always mean
ergodic.
The set of Hilbert-Schmidt operators
B2(H) = {X ∈ B(H) : ‖X‖2 = Tr{X†X} <∞}
is a Banach space and with the scalar product 〈X, Y 〉HS = Tr{X†Y } becomes a
Hilbert space, which means that it is a reflexive space. In fact, B2(H) is a two
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sided ∗-closed ideal in B(H) and
B1(H) ⊆ B2(H) ⊆ B(H). (2.2)
Corollary 2.3. If the summation in (1.2) is finite then φ∗2, the restriction of φ
∗
to B2(H), is mean ergodic.
Proof. φ∗ is a power bounded map and φ∗2 inherits this property. By B2(H) being
a two sided ideal in B(H)
AX,XA ∈ B2(H), ∀A ∈ B(H) and ∀X ∈ B2(H).
Hence for any X ∈ B2(H)
φ∗2(X) =
∑
i
V †i XVi ∈ B2(H)
where we have used that the summation is finite. Therefore, Rng(φ∗2) ⊆ B2(H).
In case of infinite summation the set Rng(φ∗2) can be larger than B2(H), because∑
i V
†
i Vi converges only in the ultraweak topology.
B2(H) is a Hilbert space, hence is reflexive. Thus, the properties of φ∗2 together
with the theorem of Lorch [19] implies mean ergodicity. 
Remark. It is interesting to note that if the summation in (1.2) is finite then
the adjoint of φ∗2, let us simply call φ2, is
φ2(X) =
∑
i
ViXV
†
i ,
where we have used the properties of the inner product 〈X, Y 〉HS. Thus, the map
in (1.1) involving only finite summation can also be extended to the space of
Hilbert-Schmidt operators.
Corollary 2.4. If the summation in (1.2) is finite then F(φ∗2) = F(φ2).
Proof. Due to the finite summation both φ∗2 and φ2 are contractions on B2(H).
Take now X ∈ F(φ∗2) which implies
〈X, φ2(X)〉HS = 〈φ∗2(X), X〉HS = ‖X‖22.
Since φ2 is a contraction, it follows that
‖φ2(X)−X‖22 = ‖φ2(X)‖22 − 2Re〈X, φ2(X)〉HS + ‖X‖22
= ‖φ2(X)‖22 − ‖X‖22 6 0.
Thus, φ2(X) = X or X ∈ F(φ2). Consequently, F(φ∗2) ⊆ F(φ2). The opposite
inclusion is proven in the same fashion, but starting with X ∈ F(φ2). 
Now let us give examples of fixed spaces.
Example 2.5. Let H = C2 with its standard basis e0 =
(
1
0
)
and e1 =
(
0
1
)
. We
consider the following two Pauli matrices
σx =
(
0 1
1 0
)
, σy =
(
0 −i
i 0
)
,
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and the quantum operation
φ(X) = V1XV
†
1 + V2XV
†
2 ,
V1 =
√
pσx, V2 =
√
1− pσy,
where p ∈ [0, 1] and X ∈ M2(C), i.e., the set of all n× n matrices over C. Note
that φ∗ = φ.
If p = 0 then
F(φ) =
{(
a −b
b a
)
, ∀a, b ∈ C
}
.
If p ∈ (0, 1) then
F(φ) =
{(
a 0
0 a
)
, ∀a ∈ C
}
.
If p = 1 then
F(φ) =
{(
a b
b a
)
, ∀a, b ∈ C
}
.
Example 2.6. Let H = ℓ2, the space of square-summable sequences. The left
and right shift operators are defined by
SL : (a1, a2, a3, a4 . . . ) 7→ (a2, a3, a4, a5 . . . ),
SR : (a1, a2, a3, a4 . . . ) 7→ (0, a1, a2, a3, . . . ),
and using these contractions we construct the following quantum operation
φ(X) = V1XV
†
1 + V2XV
†
2 ,
V1 =
√
pSL, V2 =
√
1− pSR, p ∈ (0, 1),
where X ∈ B1(ℓ2). It is immediate that φ is a contraction and∑
i=1,2
V †i Vi = pS
†
LSL + (1− p)S†RSR < I
with I being the identity operator on ℓ2. We consider first X to be
X : (a1, a2, a3, a4 . . . ) 7→ (x1a1, x2a2, x3a3, . . . ) with
∞∑
i=1
|xi| <∞
and p has a fixed value. Then φ(X) = X has the following solution
xi = x1
f (i)(p)
pi−1
, i > 1,
where
f (i)(p) =
i−1∑
j=0
(−1)jpja(i)j ,
a
(i)
j =


1, j = 0,
a
(i−1)
j + a
(i−1)
j−1 , 0 < j < i− 1,
1, j = i− 1 and i is odd,
0, j = i− 1 and i is even.
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We find that f (i)(p)/pi−1 > 1 and one obtains by induction the following relation
f (i+1)(p)
pi
− f
(i)(p)
pi−1
=
(1− p)i
pi
> 0, i > 1.
It is immediate that the solution to φ(X) = X is not a trace class operator, and
even more so is not bounded. Extending the presented approach to more general
X operators, we find
F(φ) = {0},
here 0 denotes the null operator.
Remark. Elements of D(H) are subject to both averages An(φ) and An(φ∗) due
to D(H) ⊂ B1(H) ⊆ B(H). However, there might be cases when
D(H) ∩ F(φ) = ∅,
D(H) ∩ F(φ∗) = ∅.
If
∑
i V
†
i Vi = 1 then
{X ∈ B1(H) : AiX = XAi for all i} ⊆ F(φ)
and
{X ∈ B(H) : AiX = XAi for all i} ⊆ F(φ∗).
For more details, see Ref. [10].
We shall now discuss a particular property of completely positive maps. As
the following argumentation is the same for both φ and φ∗, we consider the case
of φ∗. The following result is know and we formulate it in the context discussed
here in this manuscript.
Lemma 2.7. Let pi be strictly positive numbers with
∑
i pi = 1 and let φ
∗
i be
commuting completely positive maps. If φ∗ =
∑
i piφ
∗
i then
F(φ∗) =
⋂
i
F(φ∗i ).
Proof. The proof is mostly due to A. Brunel [21] and M. Falkowitz [22]. An elegant
way of proving it is to use that the identity is an extreme point in the convex
set consisting of all contractions, an application of Krein-Milman Theorem. For
further details, see Lemma 1.14 in [12]. 
Mean ergodic theorems enables us to understand the convergence of the av-
erages An(T ) and the fixed space of T . In the subsequent section we show how
these averages are used in evaluations of iterates φn and (φ∗)n.
3. Main result
In this chapter we are concerned with the iterates φn and (φ∗)n. In order to
characterize them we need the following slightly modified theorem of K. Yosida
and S. Kakutani in [23].
Theorem 3.1. Let T be a power bounded linear operator on a Banach space B
and λ any complex number with |λ| = 1. Then Tλ = T/λ is a power bounded
operator such that
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a) An(Tλ) converges strongly to Pλ, the projection of Bme(Tλ) onto F(Tλ),
b) Pλ = P2λ = TλPλ = PλTλ,
c) λ 6= µ implies F(Tλ) ∩ F(Tµ) = {0},
d) Pλ 6= 0 iff λ is an eigenvalue of T .
Proof. It is immediate from the relation
sup
k
‖T k‖op = sup
k
‖T kλ‖op
that Tλ is power bounded, where ‖.‖op is the operator norm. The strong conver-
gence
lim
n→∞
‖An(Tλ)x− Pλx‖ = 0, ∀x ∈ Bme(Tλ)
with the norm ‖.‖ of B and the relations
Pλ = P2λ = TλPλ = PλTλ
are clear from Theorem 2.2. Furthermore, we also have
PλT = TPλ = λPλ. (3.1)
Then, we have by a)
lim
n→∞
‖An(Tλ)Pµx−PλPµx‖ = 0, ∀x ∈ Bme(Tλ) ∩ Bme(Tµ),
and
An(Tλ)Pµ = 1
n
(
T
λ
+
T 2
λ2
+ · · ·+ T
n
λn
)
Pµ. (3.2)
Putting 3.1 and 3.2 together, we obtain that
1
n
(
µ
λ
+
µ2
λ2
+ · · ·+ µ
n
λn
)
Pµ
converges to PλPµ. When λ 6= µ
1
n
(
µ
λ
+
µ2
λ2
+ · · ·+ µ
n
λn
)
Pµ = 1
n
1− (µ
λ
)n+1
1− µ
λ
Pµ
converges uniformly to the null operator. Thus,
Pλx = 0, ∀x ∈ F(Tµ) ∩ Bme(Tλ).
Hence, the statement in c) is proven. Since Pλ is projecting onto
F(Tλ) = Ker(I − T/λ) = Ker(λI − T )
and Ker(λI − T ) 6= {0} when λ is an eigenvalue, we arrive at the statement in
d). 
We introduce the following two sets
σ(T ) = {λ ∈ C : Ker(λI − T ) 6= {0}, |λ| = 1} (3.3)
and
B(T ) =
⋂
λ∈σ(T )
Bme(Tλ). (3.4)
After all these preparations we return to the iterates of φ and φ∗. The next result
is essentially a consequence of Proposition 2.1 and Theorem 3.1.
ITERATES OF QUANTUM OPERATIONS 9
Corollary 3.2. Let {Pλ}λ∈σ(φ) be the set of projectors associated according to
Theorem 3.1 with φ : B1(H) → B1(H) and similarly {Qλ}λ∈σ(φ∗) with φ∗ :
B(H)→ B(H). Set
Sφ(X) = φ(X)−
∑
λ∈σ(φ)
λPλ(X) ∀X ∈ B(φ) ⊆ B1(H),
Sφ∗(X) = φ
∗(X)−
∑
λ∈σ(φ∗)
λQλ(X) ∀X ∈ B(φ∗) ⊆ B(H),
then the iterates of φ and φ∗ are given by the formulas
φn(X) =
∑
λ∈σ(φ)
λnPλ(X) + S
n
φ(X) ∀X ∈ B(φ),
(φ∗)n (X) =
∑
λ∈σ(φ∗)
λnQλ(X) + S
n
φ∗(X) ∀X ∈ B(φ∗)
for n > 1. λ is an eigenvalue of Sφ (Sφ∗) with eigenvector in B(φ) (B(φ∗)) iff is
an eigenvalue of φ (φ∗) and λ 6∈ σ(φ) (λ 6∈ σ(φ∗)).
Proof. We consider only the case of φ, because the proof for φ∗ is exactly along
the same lines. By Theorem 3.1 we have for all X ∈ B(φ)
PλSφ(X) = Pλ

φ(X)− ∑
λ∈σ(φ)
λPλ(X)

 = λPλ(X)− λPλ(X) = 0
and similarly SφPλ(X) = 0 for all λ ∈ σ(φ). It is immediate also that
φSφ(X) = Sφφ(X) = S
2
φ(X).
Then, for all X ∈ B(φ)
φ2(X) =

 ∑
λ∈σ(φ)
λPλ + Sφ


2
(X)
=

 ∑
λ∈σ(φ)
λPλ


2
(X) + S2φ(X),
but according to Theorem 3.1 PλPµ(X) = 0 whenever λ 6= µ, which yields
φ2(X) =
∑
λ∈σ(φ)
λ2Pλ(X) + S
2
φ(X).
By induction we obtain the required result for all powers of n. To prove the last
statement, let λ 6= 0 be such an eigenvalue of φ with eigenvector Xλ 6= 0 that
φ(Xλ) = λXλ Xλ ∈ B(φ)
and λ 6∈ σ(φ). Then, for all µ ∈ σ(φ)
µPµ(Xλ) = Pµφ(Xλ) = λPµ(Xλ)
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and since µ 6= λ, we obtain Pµ(Xλ) = 0. Therefore,
λXλ = µPµ(Xλ) =
∑
µ∈σ(φ)
λPµ(Xλ) + Sφ(Xλ) = Sφ(Xλ).
Hence λ is an eigenvalue of Sφ. Conversely, let λ 6= 0 be such an eigenvalue of Sφ
with eigenvector Xλ 6= 0 that
Sφ(Xλ) = λXλ Xλ ∈ B(φ).
We have already shown that Sφφ(X) = S
2
φ(X) and using this relation we obtain
φ(Xλ) = φ
(
Sφ
λ
)
(Xλ) =
1
λ
S2φ(Xλ) = λXλ,
λ is also an eigenvalue of φ. In order to show that λ 6∈ σ(φ), we assume that
there exists a µ ∈ σ(φ) such that λ = µ. Since
An(φ/µ)(Xλ) =
1
n
(
φ
µ
+
φ2
µ2
+ · · ·+ φ
n
µn
)
(Xλ) = Xλ n > 1
and the limit n→∞ with the help of Theorem 2.2 results Pµ(Xλ) = Xλ. It is a
contradiction, because
Pµ(Xλ) = Pµ
(
Sφ
λ
)
(Xλ) = 0
where we have used the already proved relation PµSφ = 0. Thus, λ 6∈ σ(φ). 
Remark. It is important to note that the sets B(φ) and B(φ∗) play an essential
role in the above result. Therefore, it is natural to ask under which conditions
B(φ) = B1(H) and B(φ∗) = B(H). This is the case, when φ and φ∗ are mean
ergodic. Let us see a few examples: B1(H) and B(H) are reflexive Banach spaces
[19]; φ and φ∗ are weakly compact operators [18]; B1(H) and B(H) are separa-
ble and quasi–reflexive Banach spaces of order one [20]. In general, the mean
ergodicity of both φ and φ∗ may be not simultaneously fulfilled.
Corollary 3.3. If the summation in (1.2) is finite then the iterates of φ∗2 :
B2(H)→ B2(H) and its adjoint map φ2 are given by the formulas
(φ∗2)
n (X) =
∑
λ∈σ(φ∗
2
)
λnQλ,2(X) + S
n
φ∗
2
(X) ∀X ∈ B2(H)
φn2(X) =
∑
λ∈σ(φ2)
λnPλ,2(X) + S
n
φ2
(X) ∀X ∈ B2(H).
On the sets ⋃
λ∈σ(φ∗
2
)
F(φ∗2/λ) and
⋃
λ∈σ(φ2)
F(φ2/λ)
φ∗2 and respectively φ2 restrict to unitary operators.
Proof. This is immediate from Theorem 3.1 and Corollary 3.2. One has to use
the following facts: B2(H) is a Hilbert space; F(Tλ) = Ker(λI − T ); φ∗2 and φ2
are mean ergodic. 
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If ⋃
λ∈σ(φ∗
2
)
F(φ∗2/λ) =
⋃
λ∈σ(φ2)
F(φ2/λ)
then φ∗2φ2 = φ2φ
∗
2 = I. This result is similar to the findings of Szo˝kefalvi-
Nagy and Foias¸, a contraction on a Hilbert space defines a decomposition of the
Hilbert space into two parts, where on one of them the contraction acts as a
unitary operator [24]. A special example: H is finite dimensional, which also
means B1(H) = B2(H) = B(H).
In order to investigate the limit n→∞ of the formulas obtained in Corollary
3.2 one has to determine the spectrum of φ or φ∗. It is of interest that ‖Sφ‖B1(H) <
1 and ‖Sφ∗‖B(H) < 1, because then the asymptotic space can be identified through
the projectors {Pλ}λ∈σ(φ) and {Qλ}λ∈σ(φ∗). An obvious choice is that φ∗ and φ
are compact operators, the image of the unit ball under the map is relatively
compact, because the spectrum of a compact operator contains the cluster point
{0} and only eigenvalues, which form the point spectrum. According to Theorem
3.1 an eigenvalue λ with |λ| = 1 is not an eigenvalue of either Sφ or Sφ∗ . As both
φ∗ and φ are contractions, their spectrum is contained in the closed unit disc, we
have
lim
n→∞
Snφ = lim
n→∞
Snφ∗ = 0.
It turns out that one can make an even more general statement. But first we have
to introduce the concept of quasi-compact operator. An operator T on a Banach
space B is quasi-compact if there exists an integer n and a compact operator V
with ‖T n − V ‖B < 1. This leads to the uniform ergodic theory of K. Yosida and
S. Kakutani, which is the consequence of applying Theorem 3.1 to quasi-compact
operators [23]. Thus, we are able to state the following result.
Corollary 3.4. Let φ and φ∗ be quasi-compact operators. Then, there exists
constants ǫφ, ǫφ∗ > 0 and Mφ,Mφ∗ > 0 such that
‖Snφ‖B1(H) 6
Mφ
(1 + ǫφ)
n and ‖Snφ∗‖B(H) 6
Mφ∗
(1 + ǫφ∗)
n .
Proof. As the proof can be found in [23] we show only the cornerstones of the
argumentation. Quasi-compactness implies weakly compact property of φ and
φ∗, which means that they are mean ergodic. Furthermore, the ranges of the
projectors {Pλ}λ∈σ(φ) and {Qλ}λ∈σ(φ∗) are finite. Therefore, both Sφ and Sφ∗
are quasi-compact and the unit circle belongs to their resolvent set, which is
equivalent to the existence of ǫφ, ǫφ∗ > 0 and Mφ,Mφ∗ > 0, which fulfill the
relations of the statement. 
Remark. It may happen that both φ and φ∗ can not be simultaneously quasi-
compact operators. The question, under which conditions is a completely positive
map compact or quasi-compact, is left open for now. Although the uniform
ergodic theory is an old result, there are recent developments with respect to the
iterates of quasi-compact operators, see for example [25].
Example 3.5. Let us reconsider the quantum operation in Example 2.6. M2(C)
with the scalar product 〈X, Y 〉HS = Tr{X†Y } is a Hilbert space. The orthonormal
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basis is chosen to be
X1 =
(
1 0
0 1
)
/
√
2, X2 =
(−1 0
0 1
)
/
√
2,
X3 =
(
0 1
1 0
)
/
√
2, X4 =
(
0 −1
1 0
)
/
√
2.
Then
φ(X) = λ1Pλ1(X) + λ2Pλ2(X) + Sφ(X),
where
λ1 = 1 with Pλ1(X) = Tr{X†1X}X1,
λ2 = −1 with Pλ2(X) = Tr{X†2X}X2,
Sφ(X) = (2p− 1)Tr{X†3X}X3 + (1− 2p)Tr{X†4X}X4.
It is immediate
φn(X) = Pλ1(X) + (−1)nPλ2(X) + (2p− 1)nTr{X†3X}X3+ (1− 2p)nTr{X†4X}X4
and
‖Snφ‖M2(C) 6 |1− 2p|n,
where ‖.‖M2(C) is the operator norm on M2(C). When p ∈ (0, 1) we have the
following relations |1− 2p| < 1 and Snφ → 0 as n→∞.
Example 3.6. Let H be a separable Hilbert space with orthonormal basis en
(n = 0, 1, 2, . . . ). We define the operators a and a† by
aen =
√
nen−1, a
†en =
√
n+ 1en+1.
For the sake of simplicity we set |n〉 = en and then a typical vector x has the
unique expansion x =
∑∞
i=0 xn|n〉. The orthonormal basis e′n (n = 0, 1, 2, . . . ) of
the dual of H has the property e′n(em) = 0 when n 6= m and e′n(en) = 1. We
define 〈n| = e′n. The operator a† is the adjoint of a, because
〈a†x, y〉 =
∞∑
n=0
√
n + 1x∗nyn+1 = 〈x, ay〉.
a† and a are the creation and annihilation operators of bosons. Furthermore,
they are unbounded operators and have the same domain of definition, which is
dense in H. We consider the following quantum operation
φ(X) = V1XV
†
1 + V2XV
†
2 ,
V1 =
√
pI, V2 =
√
1− pe−ipia†a, p ∈ (0, 1),
where X ∈ B1(H) and I is the identity map. Although a† and a are unbounded,
V2 is a bounded operator with spectral radius one.
As there are only two terms V1 . V
†
1 and V2 . V
†
2 in φ, we can extend the quantum
operation to B2(H). Now, with the help of the Hilbert-Schmidt scalar product
we define the following orthogonal projections
Pn,m(X) = Tr {|m〉〈n|X} |n〉〈m| X ∈ B2(H)
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with n,m = 0, 1, 2, . . . . Then
φn(X) =
∞∑
n=0
Pn,n(X) +
∞∑
k=1
∞∑
n=0
[
Pn+2k,n(X) + Pn,n+2k(X)
]
+ (2p− 1)
∞∑
k=0
∞∑
n=0
[
Pn+2k+1,n(X) + Pn,n+2k+1(X)
]
.
Thus,
Sφ(X) = (2p− 1)
∞∑
k=0
∞∑
n=0
[
Pn+2k+1,n(X) + Pn,n+2k+1(X)
]
and
‖Snφ‖B2(H) 6 |1− 2p|n,
where ‖.‖B2(H) is the operator norm on B2(H).
In conclusion, we have investigated iterations of quantum operations in the
context of mean ergodic theorems. In the case of finite dimensional Hilbert spaces
the iterations and their convergence are simply an application of the uniform
ergodic theorem of K. Yosida and S. Kakutani. The operator in the limit n→∞
is unitary on the asymptotic space. As long as the uniform ergodic theorem can
not be applied one has to investigate the spectrum of quantum operation together
with the mean ergodic property.
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